We investigate the constraint equations of the Lounesto spinor fields classification and show that it can be used to completely characterize all the singular classes, which can potentially accommodate further mass dimension one fermions, beyond the well known Elko spinor fields. This result can be useful for two purposes:
I. INTRODUCTION
Classification and characterization results are useful in all fields of Science. In Physics, specifically, it can be used to choose the suitable structure to describe phenomena which are still not understood thoroughly. In this sense it would be desirable that the spinor fields classification classes, in Lounesto spinor field classification, could be characterized in the simplest way, and hence be used straightforwardly thereon. In fact it is one of the two main purposes of this paper, introducing Lounesto spinor field classification [1] and characterizing its classes. It turns out that the classification process can be simplified, avoiding tedious calculations and intricate concepts from Clifford algebras that are dispensable in a first moment. In spite of this abridgement, it could be furthermore helpful in the next step of the spinors fields characterization, namely, by finding all the possible dynamics associated to each one of the spinor classes in Lounesto spinor field classification [2, 3] . We already know that there are type-(6) spinor fields satisfying the Weyl equations, spinor fields of types-(1), - (2) , and (3) satisfying the Dirac equation, spinor fields of type-(4) (flagdipoles) satisfying a Dirac equation in a framework provided by f (R) gravity with torsion [5] , and spinor fields of type-(5) (flagpoles) governed by Majorana [4] or Elko coupled system of equations [6] [7] [8] , for instance. Nevertheless, the above mentioned types of dynamics do not cover all the spinor fields in their respective classes, and hence these spinor fields dynamics seem to be merely the tip of the iceberg. Quite different spinor fields with different mass dimension in one of the Lounesto classes -for example Majorana and Elko spinor fields in class-(5) of Lounesto classificationcan present completely contrastive dynamics. Before departing to solve the general question of determining all the possible dynamics, we need to first to ascertain which types of spinor fields can still exist in the given classes of Lounesto classification, apart from the well known ones mentioned above.
It is the second main purpose of the paper, paving the first step for this ambitious achievement.
Some effort have been made in looking for the dynamics of each spinor class under Lounesto classification, see, e. g. Refs. [6, 7, 9] for type-(5) spinor fields and Refs. [2, 3, 5, 10, 11] for other type-(4) ones, thus the algebraic characterization introduced in this work can provide tips toward what direction should be followed.
Classical spinor fields are well known to carry irreducible representations of the Lorentz group, what imply the usual Dirac, Weyl, and Majorana spinor fields. Lounesto spinor field classification suggests new types of spinor fields, as the flag-dipole spinor fields recently found as a particle [5, 12] . Moreover, another class of spinor fields in this classification known as flagpoles encompasses Elko spinor fields [8] , candidates to the dark matter description [6, 7, [13] [14] [15] [16] [17] [18] [19] [20] with applications in field theory and cosmology [21] [22] [23] [24] [25] . Lounesto spinor field classification has wide applications, not solely in quantum field theory, and supersymmetry [26] , but additionally in gravity [14, 18, 27] .
For instance, the Einstein-Hilbert, the Einstein-Palatini, and the Holst actions were shown to be derived from the quadratic spinor Lagrangian, when the three classes of Dirac spinor fields, under Lounesto spinor field classification, are considered [28, 29] . Moreover, a straightforward mass dimension transmutation path from Dirac to Elko spinor fields have been established in Refs. [30, 31] .
As Elko spinor fields have mass dimension one [6, 7, 9] , there is nothing that precludes the appearance of mass dimension one spinor fields further in classes (4) and (6) in Lounesto spinor field classification. Although there is no quantum field constructed out with type-(4) spinor fields yet, it does not respect the full Lorentz symmetry [2] , being another potential candidate to the dark matter. Type-(4) spinor fields are wealthy regarding its mathematical structure [1] [2] [3] and from the Physics point of view, as above mentioned, they have been found to be a particle corresponding to the solution of the Dirac equation in f (R) gravity with torsion [5] . Thus at least type-(4) spinor fields are also potential candidates to construct mass dimension one fermions. This paper is organized as follows: in Section II we briefly introduce the bilinear covariants and the Lounesto's algebraic classification of spinor fields. In Section III we discuss Elko spinor field, a mass dimension one fermion which is the main representative of type-(5) class and a prime candidate to describe dark matter. A brief summary of its properties is provided. Finally, in Section IV we show how the constraint equation coming from Lounesto's classification can be used to completely characterize singular spinors. The results are summarized in a characterization of singular spinor fields table at the end of the section.
II. BILINEAR COVARIANTS AND SPINORS CLASSIFICATION
The multivector structure of the space-time Clifford algebra is well known to impose five objects preserving Lorentz symmetry, the so called bilinear covariants [32] [33] [34] [35] [36] . They carry the observable physical information of the Dirac theory. According to their multivector structure and number of components, the bilinear covariants are listed below:
Vector (4) :
Bivector (6) :
Pseudovector (4) :
Pseudoscalar (1) :
where J µ , S µν and K µ are the components of J, S and K respectively [1] .
Here and in what follows,
we have adopted the metric η µν = (+, −, −, −).
Usually spinor fields are classified according to irreducible representations of the spin group
Spin + (1, 3) connected to the identity, classically known as Weyl, Dirac, and Majorana. On the other hand, as showed by Lounesto, another classification can be defined using bilinear covariants 
Type- (1), (2), and (3) are called Dirac spinors or regular spinors. On the other hand type- (4), (5) e (6) are called singular spinors, or individually flagpole, flag-dipole and Weyl spinors respectively.
Regular and type-(6) spinor fields are well known from quantum field theory, however until recently type-(4) and type- (5) had not received substantial attention in the physics community, thus they could be called non standard.
III. ELKO SPINOR FIELDS
In the following we are going to use the Weyl representation of γ µ , given by
where σ i are the Pauli matrices.
Elko spinors are eigenspinors of the charge conjugation operator 1 . Due to its very small coupling with the standard model fields, except by the Higgs field, it was proposed as a prime candidate to describe dark matter [6, 7, 9, 13, 15, 16] . Some results have been revised after the first papers proposing Elko, including its symmetries [13] and Lagrangian [37] , but these new results have kept the fundamental physical properties of this kind of spinor fields [9, 37] . An updated publication concerning Elko spinor fields can be found in Ref. [9] .
The Elko spinor can be expressed in general as
where φ(k µ ) denotes a left-handed Weyl spinor and p = p . Being eigenspinors of the charge conjugation operator C, it holds Cλ(k µ ) = ±λ(k µ ). The plus and minus sign regards self-conjugate and anti self-conjugate spinor fields, denoted by λ S (k µ ) and λ A (k µ ).
Explicitly, the complete form of Elko spinor fields can be found by solving the equation of
in the rest frame and subsequently performing a boost [6, 9] .
Therefore Elko spinor fields are given by [9] 
where
There are several interesting and unusual aspects concerning Elko theory, including its mass dimension and relationship with the very special relativity (VSR) groups. Actually Ahluwalia and
Horvath showed that the Elko theory is invariant under the action of the HOM(2) VSR group and covariant under SIM(2) VSR group [13] . Without going into specific details, Cohen and Glashow argued that Very Special Relativity, rather than Special Relativity, could be the fundamental symmetry of nature. VSR is realized taking some proper subgroups of the orthochronous proper Lorentz group, specially the so called HOM(2) and SIM(2) subgroups. In fact they showed that the group HOM(2), which is a subgroup of SIM (2), is necessary and sufficient to [38] :
• Explain the results of the Michelson-Morley experiments and its more sensitive results.
• Ensure that the speed of light is the same for all observers.
• Preserve SR time dilatation and the law of velocity addition.
Furthermore all VSR subgroups share the property that incorporates either P, T, CP, or CT symmetries enlarges these subgroups to the full Lorentz group.
Under Lounesto classification, Elko is a representative of mass dimension one fermion in the type-(5) spinor field class, but is not the most general, as also Majorana spinor fields are encompassed by such class. Thus if one is looking for a true classification of the spinor field dynamics based on Lounesto classes, as previously mentioned, the knowledge of the general form of spinor fields of each class is a critical point. It is exactly the aim of the next section, to characterize each spinor field class under Lounesto classification.
IV. ALGEBRAIC SPINOR FIELD CHARACTERIZATION
This section finally provides the two main purposes of the paper. The first is to simplify the use of Lounesto classification, allowing us to identify the spinor field class just looking for its components. The second one is to provide a general form of spinor fields of each class, which can be useful for finding its dynamics and for identifying possible other spinor fields of mass dimension one, among the singular classes.
We can realize a simplification answering the following question: can the constraint equations that define a class be used to characterize the spinor fields? Fortunately for singular spinor fields the answer is positive, as we are going to see throughout the present section. To achieve our goal, first we need to know all the bilinear covariants components for a general spinor field, given
As a matter of simplicity, the x dependence in the components are going to be omitted 2 . By performing some simple but tedious calculation the following components emerge:
S 03 = 2Im[ac * − bd * ] ;
where we have used
A. Singular and Regular Spinor Fields
The property shared by every singular spinor field gives us the first tip in the route of characterization, namely
The above equation must be true for singular spinor fields in any referential frame. Hence when one is looking for an equation to describe this kind of spinor field, the constraint ac * = −bd * must be preserved. In particular, when all the components are non zero, one of them can be written in terms of the others, as for instance a = − bcd * ||c|| 2 . In the following we combine the additional constraints to characterize singular spinor fields of each class.
Type-(6)
The spinor fields belonging to this class encompass the best known singular spinor fields, the so called Weyl spinor fields [1] . At first, to study this characterization could sound unnecessary, however as a matter of completeness we deal with them. In spite of completeness, it shall be useful when we look for the less symmetrical case, the type-(4) class.
Type-(6) spinor field class implies
thus a = 0 = b or c = 0 = d, and therefore no more than two components can be non zero. The two possibilities, as expected, are
The components K 0 or K 3 ensure K = 0, even when just one spinor field component is non zero.
Type-(5)
In addition to the equation shared by all singular spinor fields, for type-(5) class we have three more, provided by:
Therefore it must look like one of the following:
By combining eq. (17) and eq. (14) we can improve the previous result as follows. From the
and
we have a = −d * e 2iϕ 1 and b = c * e 2iϕ 1 , so type-(5) spinor fields can be settled in a more representative way 3 by ψ (5) = −d * e 2iϕ 1 , c * e 2iϕ 1 , c, d
T . Writing it as ψ (5) = (η, ξ) T , is easy to see that
) , and defining ϕ ≡ 2ϕ 1 − π 2 we derive the eigenspinors of charge conjugation operator general form ψ (5) = e iϕ σ 2 ξ * , ξ T , where
The operator K is responsible for the complex conjugation on spinors appearing on the right. Hence all type-(5) spinor field is eigenspinor of the charge conjugation operator with eigenvalues in the sphere S 1 .
Type-(4)
For the type- (4) 
• If a = 0 = d we have a similar situation, leading to K 0 = 0 ⇒ ||b|| 2 = ||c|| 2 .
• If all the spinor field components are non zero
In the last case ||b|| 2 = ||c|| 2 implies K = 0, yielding a type-(5) spinor field. Moreover, it is straightforward to show that ||b|| 2 = ||c|| 2 ⇔ ||a|| 2 = ||d|| 2 . Hence the possible type-(4) spinor fields are given by the most general formulae
Regular Spinor Fields
For general regular spinor fields the only equation we have is ac * +bd * = 0, hence we can extract just the following information
• If just a and c or just b and d are nonzero, the spinor field is singular.
• If just one component is zero the spinor field is singular.
• If no one is zero and a = − bcd * ||c|| 2 , the spinor field is singular.
Characterization table
The Classes Type-(4) - 
